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I. INTRODUCTION 
Let P be any two-sided prime ideal of the right Noetherian ring R. One is 
interested in associating with P a ring of quotients Rp which reduces to the 
usual localization of R at P when R is commutative. According to Gabriel [3], 
it suffices to associate with P an idempotent filter of right ideals, but in place 
of this we prefer to speak of the corresponding torsion theory 9’. There are 
two obvious candidates for 9: 
(1) The torsion theory q determined by the injective hull E,(R/P) of 
the right R-module R/P, a module T being torsion if hom,( T, E,(R/P)) = 0. 
(2) The torsion theory Ya determined by the filter of all right ideals D 
of R such that Y-ID n V(P) # o for all Y  E R, where g(P) is the set of all 
c E R for which cx E P implies x E P; a module T being torsion if t-l0 = 
{Y E R 1 tr = 0} is in the filter for each 2 E T. 
It is one purpose of this paper to show that Yi = Ya (Corollary 3.10). 
We shall call this the torsion theory at the prime ideal P, or simply the P-torsion 
theory. 
In Section 2 we study the relation between indecomposable injective right 
R-modules I and the critical prime right ideals A of R. As in [14], the right 
ideal A is called prime if xRy _C A implies x E A or y  E A. The right ideal A is 
called CriticaZ if it is maximal among proper closed right ideals with respect to 
some torsion theory. (A closed means R/A torsion free.) It is shown in 
Theorem 2.13 that every indecomposable injective right R-module I is of the 
form E(R/A), where A is a critical prime right ideal of R. Furthermore, if 
P = ass I is the associated prime ideal of I, then P is the largest two-sided 
ideal of R contained in A. 
Every simple right Noetherian domain R which is not a division ring shows 
that the correspondence I ++ ass I is not a bijection between isomorphism 
classes of indecomposable injectives and two-sided prime ideals of R. In 
Theorem 3.9 of Section 3 we prove the main result of this paper: For every 
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two-sided prime ideal P of the right Noetherian ring R there exists a unique 
(up to isomorphism) P-torsion free indecomposable injective right R-module 
lP with associated prime ideal P. In Theorem 3.9 it is also shown that 
E,(R/P) E IPn, where n is the right Goldie dimension of the prime ring RIP. 
It follows that the torsion theory at P may also be presented as 
(3) the torsion theory Fa determined by the indecomposable injective I,, . 
In Section 4 we study the relation between indecomposable injectives and 
the Krull dimension K-dim R of the ring R in the sense of Gabriel [17]. 
I f  R is a right Noetherian prime ring with right Krull dimension K < co, 
then the indecomposable injective right R-module I with associated prime 
ideal 0 is 0-torsionfree if and only if I g E(R/A), where A is a K-critical 
prime right ideal of R with associated prime ideal 0. This is established in 
Corollary 4.6, the notion of a K-critical right ideal being that introduced by 
Goldie [7] : the right ideal A is k-critical if K-dim R/A = K, but K-dim R/B < 
k - 1 for every right ideal B properly containing A. It is shown (Lemma 4.2) 
that every k-critical right ideal is critical, but the converse is false. 
In Section 5 we construct the ring of quotients Rp of R at the prime ideal P, 
using the torsion theory at P introduced in Section 3. We also obtain several 
properties -of R, and compare them with those of Goldie’s localization, 
see [5; 61. 
Throughout this paper A will be an associative ring with unity element, 
and all modules will be unitary right R-modules. The ring R will not be 
assumed to be right Noetherian, unless this is stated explicitly. We write 
RR(M) = E(M) for the injective hull of the R-module M, the subscript being 
omitted if there is no ambiguity about the ring. 
2. INDECOMPOSABLE INJECTIVES AND CRITICAL PRIME RIGHT IDEALS 
If P is a prime ideal of the commutative Noetherian ring R, then E,(R/P) 
is (up to isomorphism) the unique indecomposable injective right R-module 
with associated prime ideal P. In [14] the right ideal A of the not necessarily 
commutative ring R is called prime if xRy $ A whenever x and y  do not 
belong to A. It is shown there that R is right Noetherian if and only if every 
prime right ideal of R is finitely generated. In the commutative case, this result 
reduces to a well known theorem by Cohen. In the noncommutative case, 
it can be used to provide an easy proof of the fact that the power series ring 
R[[X]] over a right Noetherian ring is right Noetherian. Thus, the notion of 
prime right ideals is useful in the study of noncommutative rings. However, it 
can be seen from the following result that the expected relationship to 
indecomposable injective right R-modules does not hold. 
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PROPOSITION 2.1. A vight Noetherian ring is simple if and only if every 
right ideal is prime. 
Proof. Assume that R is simple and that A is any right ideal of R. Suppose 
YRS _C A for Y E R and 0 + s E R. Then Y E rR = rRsR _C ,4. Thus, A is 
a prime right ideal. 
Conversely, assume that every right ideal of R is prime. Then, in particular, 
R is a prime ring. Furthermore, if A is any right ideal, then ARA L As, 
hence, A _C A2, and, therefore, A is idempotent. Now let B be any nonzero 
two-sided ideal of R. Since R is a right Noetherian prime ring, B contains a 
regular element b [4, Theorem 3.91. Since bR = bRbR, it follows that 
R _C RbR C B. Therefore, R is simple. 
Since every indecomposable injective right R-module is isomorphic to the 
injective hull of a cyclic R-module R/A, where A is a (meet-)irreducible 
right ideal of R (see e.g. [9, p. 1051) P ro osr ion 2.1 suggests the study of p ‘t’ 
irreducible prime right ideals. 
Following Dlab [2], two irreducible right ideals 9 and B of R are called 
related if there exist elements s $ A and t 6 B of R such that s-lA == t-lB. 
Here s- 1A = (r E R 1 SY E A]. 
PROPOSITION 2.2 (Dlab). Two irreducible right ideals A and B of the ring R 
are related if and only if E(R/A) z E(R/B). 
A proof of this result is given in [2, p. 3221. It also follows from the 
following useful lemma, in view of the fact that for any monomorphism 
f: E(R/A) ---f E(R/B) we may find s and t in R such that 0 # f  ([s]) = [t], 
whence, S-IA = t-1B. 
LEMMA 2.3. If A is an irreducible right ideal of the ring R, then E(R/A) z 
E(R/s-IA) for every element s 6 A. Moreover, s-IA is also irreducible. 
Proof. Consider the R-homomorphismg: R/s-IA + R/A which sends the 
equivalence class [r] mod s-lA onto the equivalence class [r] mod A. Since 
r E s-IA if and only if ST E A, g is a monomorphism. This may be extended 
to a homomorphism g’: E(R/s-IA) --f E(R/A). Since E(R/s-IA) is an essential 
extension of R/s-IA, g’ is a monomorphism. Since E(R/A) is indecomposable, 
g’ is an isomorphism. Thus, E(R/s-IA) is also indecomposable, and so s-lA is 
irreducible, see [9, p. 1051. 
COROLLARY 2.4. Relatedness is an equivalence relation on the set of all 
irreducible right ideals of the ring R. 
In a commutative Noetherian ring every equivalence class of related 
irreducible ideals contains a unique maximal element, the prime ideal of 
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A. As will be seen later, even in noncommutative rings, the maximal elements 
of equivalence classes of irreducible right ideals enjoy many properties of 
prime ideals in commutative rings. Before we can show this, we must remind 
the reader of the notion of a torsion theory. Here we wish to recall some of the 
main ideas; for details we refer to [lo]. 
A torsion theory (F, S), also called “hereditary torsion theory” by Dickson, 
consists of two classes of R-modules, the class F of torsion modules and 
the class 9 of torsion free modules, such that T E F if and only if 
hom,( T, E(F)) = 0, for allF E 9, and F E .F if and only if hom,( T, E(F)) = 0, 
for all T E F. 
Relative to a given torsion theory, a right ideal A of R is called dense if 
R/A is torsion and closed if R/A is torsionfree. The dense right ideals of R 
form an idempotent topologizing filter in the sense of Gabriel [3], and this 
filter determines the torsion theory: T is torsion if and only if t-l0 is in the 
filter for all t E T. 
One way of obtaining a torsion theory is from a given injective right 
R-module I: the class F consists of all modules T such that hom,(T, I) = 0, 
and the class 9 consists of all modules which are isomorphic to submodules of 
powers of I. Actually, every torsion theory can be obtained in this way, as is 
seen by taking I as the product of all E(R/A), where A ranges over the closed 
right ideals of R. 
DEFINITION. A right ideal A of the ring R is called critical if A is maximal 
among proper closed right ideals with respect to some torsion theory. Thus, 
A is critical if and only if there is a torsion theory relative to which A is 
closed but any right ideal properly containing A is dense. 
This concept is related to the notion “prime kernel functor” of Goldman [8]. 
Before giving a characterization of critical right ideals, we quote the following 
useful result from [lo]. 
LEMMA 2.5. The following statements concerning the right R-modules T 
and F are equivalent: 
(I) hom,( T, E,(F)) = 0. 
(2) VJtsT VOZfEF L&r = 0 &fr f  0). 
(3) VW- vwifer t-l0 $f -lO. 
Proof. The only nontrivial implication here is (1) =P (3). To see this, 
assume (3) is false. Then t-r0 Cf-‘0, for some t E T and 0 # f E F. But then 
we have a mapping tr ++ fr, r E R, which can easily be extended to a nonzero 
homomorphism T + E(F), contradicting (1). 
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LEMMA 2.6. If A is a right ideal of R the following statements are equivalent. 
(1) A is critical. 
(2) For allright ideals Bproperly containing A, hom,(R/B, E(R/A)) = 0. 
(3) QMA Qw Qduw L&y E A + SR & uy 6 A). 
Proof. Assume (l), and let B be a right ideal of R properly containing A. 
Then there is a torsion theory (r, F) such that R/A E 9 and R/B E F. 
Thus, (2) holds. 
Conversely, assume (2), and consider the torsion theory obtained from the 
injective module E(R/A). Then A is closed and any B properly containing A 
is dense, thus, (I) holds. 
In stating (2), it suffices to take B of the form A + sR, s $ A. The 
equivalence of (2) and (3) then becomes a special case of the equivalence of (1) 
and (2) in Lemma 2.5. 
PROPOSITION 2.7. The following properties of a right ideal A of the ring R 
are equivalent. 
(1) A is critical. 
(2) A is irreducible and is a maximal element in its equivalence class of 
related irreducible right ideals. 
(3) There is an indecomposable injective module I such that A is maximal 
among the right annihilators of nonzero elements of I. 
Proof. We shall prove that (1) G- (2) =+ (3) * (1). 
Assume (1). By taking u = t in (3) of Lemma 2.6, it follows that A is 
irreducible. Suppose B properly contains A and is related to A. Then 
hom,(R/B, E(R/A)) = 0 and E(R/B) z E(R/A), a contradiction. Thus, (2) 
holds. 
Assume (2). Then I = E(R/A) is an indecomposable injective. Take 
i = [l] mod A, then A is the right annihilator of i E I and i # 0. Suppose B 
contains A and B is the right annihilator of jE I, where j # 0. Then 
I = E( jR) G E(R/B), and so B is related to A; hence, B = A by assumption. 
Thus, (3) holds. 
Assume (3). We may take I = E(R/A), A being the right annihilator of 
[l] mod A. Suppose B properly contains A, we claim that hom,(R/B, I) = 0. 
Indeed, consider any homomorphism f  : R/B -+ 1, and put f ([l]) = j. Then 
the right annihilator of j contains B and, therefore, properly contains A. It 
then follows from the assumption (3) that j = 0; hence, f = 0. Thus, (I) 
holds by Lemma 2.6. 
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PROPOSITION 2.8. If  A is a critical right ideal of R and s $ A, then s-lA is 
also a critical right ideal. 
Proof. In view of the monomorphism R/s-IA -+ R/A (see Lemma 2.3), 
s--IA is closed whenever A is closed with respect to a torsion theory. Take the 
torsion theory obtained from E(R/A), it will suffice to show that s-lA + tR 
is dense for any t 6 $-‘A. 
Assume t $ S-IA, that is, st $ A. Since A is critical, A + stR is dense; hence, 
so is s-‘(A + stR). Let Y be an element of the latter, then SY E A + stR; hence, 
Y  E s-‘A + tR. Thus, +(A + stR) C s-IA + tR, and, therefore, the latter 
is also dense. 
If R is commutative and Noetherian, then Proposition 2.7 at once implies 
that an ideal P of R is critical if and only if it is prime. This observation is also 
a special case of the following. 
COROLLARY 2.9. Let A be a critical right ideal of the ring R, then the 
following statements hold. 
(a) A is a completely prime idealin its idealizevI(A) = {Y E R ] rA C A), 
that is, I(A)/A is a domain. 
(b) I f  B and C are right ideals of R properly containing A, then BC $ A. 
Proof. (a) Let r EI(A) but r 6 A, then A 5: r-IA and r-lA is critical by 
Proposition 2.8. Since A and Y-IA are related, we infer from Proposition 2.7 
that A = +A. Thus, I(A)/A is a domain. 
(b) Suppose A C B, A C C, and BC C A, then A rI(A). It then 
follows from (a) that B C A or Cc A. 
We recall that the tertiary radical ter M of the right R-module M consists of 
all r E R such that NY = 0 for some essential submodule N of M, see [9, 
p. 1051. ter M is always a two-sided ideal of R and ter M = ter E(M). If M is 
uniform, that is, E(M) is indecomposable, and if R is right Noetherian, then 
ter M is a prime ideal of R, the associatedprime ideal of M. If A is an irreducible 
right ideal of the right Noetherian ring R, then ter(R/A) is also called the 
associated prime ideal of A. We note the useful formula 
ter(R/A) = u (R . . rlA), 
&A 
where R . . B = {t E R j Rt C B}. 
LEMMA 2.10. A right ideal A of R is prime if and only if R ’ . A = R * . +A 
for any s 4 A. Moreover, R * . A is then the tertiary radical of R/A. 
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Proof. Clearly R . . A _C R ’ . s-lA for all s E R. The converse conclusion 
holds if and only if, for all Y E R, sRr _C A + Rr C A, and this is so for all 
s 6 A if and only if A is prime. Finally, the tertiary radical of R/A is the union 
of all E * . A, where E/A is any essential submodule of R/A. Thus, 
ER(E ’ . A) _C A and E g A. When A is prime, we may deduce that each 
E’.ACR..A. 
Useful for stating our next result is the following definition. 
DEFINITION. A right ideal A of the ring R is called semiprime, if SRS _C A 
implies s E A. 
PROPOSITION 2.11. If  A is an irreducible right ideal of R, the following are 
equivalent. 
(1) A is prime. 
(2) A is semiprime. 
(3) ter(R/A) CA. 
Proof. (I) * (3) by Lemma 2.10. Conversely, if (3) holds, the formula for 
ter(R/A) implies that A contains R ’ . s-lA for all s $ A, and so A is prime. 
Trivially (I ) =X (2). Conversely, assume A is not prime, so sRt C A for some 
s $ A and t $ A. Since A is irreducible, (sR + A) n (tR + A) does not 
contain A. Therefore, we can find r E R such that tr E SR + A but tr & A. 
Now trRtr _C sRtr + Atr _C A; hence, A is not semiprime. 
COROLLARY 2.12. If  R is right Noetherian, an irreducible right ideal A of R 
is prime if and only if it contains the associated prime ideal of R/A. 
THEOREM 2.13. For every irreducible right ideal A of the right Noetherian 
ring R there is a related critical prime right ideal of the form s-IA, where s $ A. 
Proof. Let I = E(RIA) and i = [l] mod A. Then A is the right annihilator 
of i E I in R. Let P be the associated prime ideal of I. Since R is right 
Noetherian, P is the right annihilator of a nonzero submodule U of I. Let 
0 # j E I be such that its right annihilator in R is maximal. Since I is uniform, 
there exists 0 # II E iR n V n jR, say u = is = jt, where s, t E R. Thus, 
u-10 = s-lA = t-‘(j-lo), and s $ A, t $j-10. By Proposition 2.7, j-l0 is 
critical. Since u-l0 contains P, by Corollary 2.12 s-lA is a prime right ideal, 
which is clearly related to A. 
Remark. By an even simpler argument we could show that there is a 
prime right ideal related to the given irreducible right ideal A, provided R 
satisfies the ascending chain condition for two-sided ideals. 
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COROLLARY 2.14. Let R be a right Noetherian ring. Then every indecom- 
posable injective right R-module is isomorphic to E(R/A) for some critical prime 
right ideal A of R, and A is uniquely determined up to relatedness. 
Remark. If  R is a commutative Noetherian ring and if A is an irreducible 
right ideal of R, the above theorem immediately implies that s-IA is its radical. 
3. THE P-TORSION FREE INDECOMPOSABLE INJECTIVE 
In this section we give a proof of the main result of this paper, which 
depends on Theorem 2.13 and on several results about irreducible prime 
right ideals and multiplicatively closed sets. 
We begin by showing that every right Noetherian ring contains many 
critical and critical prime right ideals which have been studied in the literature 
before. Recall that the proper right ideal A of the ring R is a right complement 
if it has no proper essential extension inside R [4, p. 2021. 
LEMMA 3.1. Assume that the right singular ideal Z(R) of the ring R is zero. 
Then every maximal (proper) right complement A in R is critical and minimal 
among irreducible right ideals. 
Proof. Consider the torsion theory obtained from E(R). (This was first 
studied by Johnson if Z(R) = 0 and by Utumi in general, see [lo, p. 61.) 
Then D is dense if and only if VO+teR VSeet(s-lD) # 0. Clearly, every dense 
right ideal is essential, and the converse is true if Z(R) = 0. The closure of A 
then consists of all r E R for which r-IA is essential, and this is an essential 
extension of A. It follows that A is closed if and only if it is a right complement. 
Therefore, every maximal right complement is critical. 
Suppose the maximal right complement A contains the irreducible right 
ideal B of R. Let C be maximal among right ideals such that A n C = 0. 
Then B = A n (B + C); hence, B = A or B = B + C. Now C # 0, and 
so the latter is impossible; hence, B = A. 
Goldie [4] has called an element u # 0 of the ring R uniform if uR is a 
uniform right ideal. 
LEMMA 3.2. Assume that the right singular ideal Z(R) of the ring R is zero. 
Then the right annihilator u-l0 of any right uniform element u of R is a critical 
right ideal, If R is also semiprime, then u-l0 is prime. 
Proof. Since every right annihilator ideal is a right complement, it suffices 
to show that u-l0 + sR is an essential right ideal for every s $ u-lo. Let 
0 f  t E R. If  ut = 0, then 0 # t E tR n (u-i0 + sR). If  ut # 0, then, since 
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uR is uniform and since us # 0, we can find s‘ # 0 and t’ # 0 such that 
0 # USS’ = utt’; hence, 0 # tt’ E tR n (u-l0 + sR). Thus, u-l0 is a maximal 
right complement and, hence, critical by Lemma 3.1. 
To show that u-l0 is prime, it suffices to show that it is semiprime, in view 
of Proposition 2.11. Suppose rRr _C u-10, then urRur = 0. Now assume that R 
is semiprime, then ur = 0, and, therefore, r E U-IO. 
LEMMA 3.3. Let A be a right ideal of R containing the two-sided ideal P of R. 
Then A is prime in R if and only if A/P is prime in RIP. Also A is critical in R 
if and only if A/P is critical in R/P. 
Proof. The first result is an immediate consequence of the definition of a 
prime right ideal. The second result is an immediate consequence of 
Lemma 2.6(3). 
LEMMA 3.4. Let R be a right Noetherian prime ring. Then every maximal 
right complement A in R is a prime right ideal. 
Proof. By Theorem 3.2 of [4], R has zero right singular ideal. Hence, 
A is critical by Lemma 3.1. In view of Proposition 2.11, it suffices to show that 
A is semiprime. 
Suppose rRr _C A and r $ A, then A + rR is not an essential extension 
of A. Hence, it contains an element 0 # a + rs, a E A, s E S, such that 
(a + rs)R n A = 0. But then (a + rs)Rr = 0; hence, r = 0, a contradiction. 
If P is a two-sided prime ideal of the right Noetherian ring R, then the 
multiplicative set, 
V(P) = {c E R 1 Vr+r $ P}, 
plays an important role in Goldie’s noncommutative localization at P, see 
[5; 61. We note that c E g(P) if and only if the equivalence class [c] mod P is 
a regular element of R/P. 
THEOREM 3.5. Let P be a two-sided prime ideal of the right Noetherian 
ring R. Then the following properties of the proper right ideal A of R are 
equivalent. 
(1) A is maximal among right ideals with A n U(P) = 0. 
(2) A is an irreducible prime right ideal of R containing P, and 
An+Z(P)= o. 
(3) A is a critical prime right ideal of R with associated prime P, and 
An%(P)= m. 
(4) A/P is a maximal right complement in RIP. 
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Proof. We show that (1) 3 (4) 3 (3) * (2) * (I). 
(1) 3 (4). Assume (1). First we show that A contains P. In view of (l), it 
suffices to check that A + P does not meet g(P). Otherwise we could find 
a E A and p E P such that a + p E U(P). But then we should obtain the 
contradiction that a E g(P); for if ar E P then (u + p)r E P and so Y E P. 
Next we show that A is irreducible. Otherwise we could put A = B n C 
where B and C both properly contain A and, therefore, meet g(P). Then 
both B/P and C/P contain regular elements and, hence, are essential right 
ideals of R/P. But then A/B = B/P n C/P would also be an essential right 
ideal, and so, by Goldie [4], would contain a regular element. This would 
lead to the contradiction that A meets U(P). 
Finally we show (4). Since A/P is not essential, as we have just seen, it is 
contained in a maximal proper right complement B/P. By Lemma 3.1, B/P 
is a minimal irreducible right ideal. Since A/P is irreducible, B = A. 
(4) * (3). Assume (4). By Lemmas 3.1 and 3.4, A/P is a critical prime 
right ideal of R/P. By Lemma 3.3, A is prime and critical. Moreover A/P 
is not essential; hence, it does not contain any regular elements of R/P, and so 
An.%?(P) = 0. 
It remains to show that P is the associated prime ideal of R/A. In view of 
Lemma 2.10, it suffices to show that P = R ’ . A. Put R ’ . A = Q, then 
clearly P C Q. If  P # Q, then Q/P would be a nonzero two-sided ideal of the 
prime ring R/P, hence, an essential right ideal. This is impossible, since 
Q/P is contained in the proper right complement A/P. 
(3) * (2). This follows trivially from Proposition 2.7. 
(2) =- (1). Assume (2). By Zorn’s lemma (or by the ascending chain 
condition), there is a right ideal B containing A which is maximal among 
right ideals not meeting g(P). In view of the implication (1) 3 (4), B/P is a 
maximal right complement in R/P. By Lemma 3.1, B/P is a minimal irre- 
ducible right ideal of R/P. Since PC A, and since A/P is irreducible, it 
follows that A = B. Thus, (I) holds, and our proof is complete. 
As a first application of Theorem 3.5, we have the following noncom- 
mutative version of the Theorem of Krull and Akizuki, see Nagata [15]. (See 
also Michler [ 131 and Popescu [18].) 
THEOREM 3.6. The following properties of the right Noetheriun ring R are 
equivalent . 
(1) Every critical prime right ideal is maximal. 
(2) Every irreducible prime right ideal is maximal. 
(3) R is right Artiniun. 
Proof. Since (2) => (1) is trivial, we show (3) * (2) and (1) * (3). 
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Assume (3). Let A be an irreducible prime right ideal of R, and let P be its 
associated prime ideal. By Corollary 2.12, A contains P; hence, R/A is a 
finitely generated module over the simple Artinian ring R/P. Therefore, 
R/A = xyz1 @ R/AL , where the A, are n maximal right ideals containing A, 
and A = fly=, Ai . Since A is irreducible, we see that n = I, and, therefore, 
A is maximal. Thus, (2) holds. 
Assume (1). Let P be any prime ideal of R. In view of Theorem 3.5, every 
maximal proper right complement A/P in R/P is a maximal right ideal. Now 
let B/P be a nonzero uniform right ideal of RIP such that A/P n B/P = 0. 
Then B/P is a minimal right ideal of the right Noetherian prime ring R/P. 
Thus, R/P is simple and right Artinian for every prime ideal P. In view 
of Theorem 3.2 of [13], it follows that R is right Artinian, and so (3) 
holds. 
DEFINITION. Let P be a two-sided prime ideal of the right Noetherian 
ring R. If  the proper right ideal A of R satisfies the equivalent properties of 
Theorem 3.5 we call it a P-criticaE right ideal. 
LEMMA 3.7. Let R be a r@ht Noetherian ring, P a two-sided prime ideal, and 
A a P-critical right ideal of R. Then any irreducible right ideal B containing P 
is related to A if and only if B n U(P) = 0. 
Proof. Clearly, we may assume that P = 0. Thus, e(P) consists just of the 
regular elements of R. Assume that s $ A, we will first show that s-lA 
contains no regular element. Indeed, suppose c E s-lA is a regular element. 
By Theorem 3.5, A + sR contains a regular element d. Thus, d - sr E A, 
for some r E R. Now, by Goldie’s theorem, R satisfies the right Ore condition. 
Hence, there exists a regular element c’ and an element r’ E R such that 
rc’ = m’. Hence, dc’ = src’ = scr’ zz 0 mod A. But then the P-critical 
right ideal A would contain the regular element dc’, a contradiction. 
Now assume that B is related to A, then t-1B = s-lA, for some t $ B and 
s $ A. Suppose that B contains some regular element. Then, by the Ore 
condition, t-lB contains a regular element, contradicting the fact that s~lA 
does not. Thus, B n v(P) = 0. 
Conversely, assume that B contains no regular element. Then B is contained 
in a maximal right complement C, by Theorem 3.9 of [4]. Since B is irre- 
ducible, Lemma 3.1 implies that C = B. Hence, both A and B are maximal 
right complements. Thus, there exist nonzero uniform right ideals U and V 
of R such that A A U = 0 and B n V = 0. Since R is a right Noetherian 
prime ring, U and V are subisomorphic by [4, p. 2071. As E(R/A) is an 
essential extension of U, and as E(RIB) is an essential extension of V, it 
follows that E(R/A) s E(R/B). Thus, A and B are related. 
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LEMMA 3.8. Let P be a two-sided prime ideal of the right Noetherian ring R, 
and let A be a P-critical right ideal of R. Then any right ideal D of R is dense in 
the torsion theory obtained from E(R/A) if and only if r-lD meets ‘G(P) for all 
r E R. 
Proof. Assume D is dense in the torsion theory obtained from E(R/A). 
Then so is r-‘D, see e.g. [lo, p. 71. H ence, it suffices to show that D meets 
%7(P). Otherwise we can find a right ideal B containing D which is maximal 
among right ideals not meeting V(P). By Theorem 3.5, B is irreducible and 
contains P. Hence, Lemma 3.7 applies, and we see that A and B are related, 
that is, E(R/A) E E(RIB). However, by assumption, B is dense; that is, 
hom,(R/B, E(R/A)) = 0, clearly a contradiction. 
Conversely, assume that r-lD meets S(P) for all r E R. Take any s $ A, then 
s+A A Y?(P) = o by Lemma 3.7. Thus, r-ID $ s-‘A, for every r E R and 
s ~6 A. Therefore, hom,(R/D, E(R/A)) = 0, by Lemma 2.5, and so D is 
dense. 
The above results now motivate the following definition. 
DEFINITION. I f  P is a two-sided prime ideal of the right Noetherian ring R, 
let 9?p denote the filter of all right ideals D of R such that r-lD meets V?(P) 
for all r E R. Then 
Tr(M) = {m E M i m--l0 E Sr,} 
is called the P-torsion submodule of the right R-mod M, and M is called 
P-torsion free if T,(M) = 0. 
It is known (see [3, last paragraph on p. 421; 1 I, last paragraph on p. 1111) 
that E(R/P) z In for some indecomposable injective I. The following 
theorem characterizes I. 
THEOREM 3.9. For every two-sided prime ideal P of the right Noetherian 
ring R there exists a unique (up to isomorphism) P-torsion free indecomposable 
injective right R-module I, with associated prime ideal P. Moreover, the injective 
hull E,(R/P) of the right R-module R/P is isomorphic to a direct sum of n copies 
of I, , where n is the right Goldie dimension of the prime ring RIP, that is, 
E,(RIP) g Irn. 
Proof. Let P be a two-sided prime ideal of R. By Theorem 3.5, there 
exists a critical prime right ideal A of R with associated prime ideal P such that 
A n V’(P) = 0. Let I = E(R/A) be th e injective hull of the cyclic right 
R-module R/A. Since A is irreducible by Proposition 2.7, I is indecomposable. 
It follows from Lemma 3.8 that I is P-torsion free. 
Now suppose that J is another P-torsion free indecomposable injective 
right R-module with associated prime ideal P. Then / = E(R/B) for some 
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critical prime right ideal B of R, by Corollary 2.14. Clearly, P is the associated 
prime ideal of B. Since I is P-torsion free, so is J; hence, B n V(P) = m, 
because CR + P belongs to gp for every c E V(P) by Lemma 3.1 of [5, p. 921. 
Hence, B is related to A by Lemma 3.7 and so J z I by Proposition 2.2. We 
write I = Ip . 
Let Gp = E,(R/P). Then we claim that Gp z 1,?‘, where n is the right 
Goldie dimension of the prime ring R/P. By Theorem 3.7 of Goldie [4], the 
zero ideal of R/P is an irredundant intersection of n maximal right comple- 
ments A(IP of RIP. Thus, P is an irredundant intersection of the right ideals 
Ai, and these are P-critical right ideals, by Theorem 3.5. Therefore, 
Gp s CL, @ E(R/A,). Now each of the indecomposable injectives E(R/A,) is 
P-torsionfree, by Lemma 3.8. Therefore, each E(R/A,) z I, by the first part 
of Theorem 3.9. 
COROLLARY 3.10. Let P be a two-sided prime ideal of the right Noetherian 
ring R. Then the following three torsion theories coincide. 
(1) the torsion theory 3 determined by the injective Gp = E,(R/P); 
(2) the torsion theory Fz determined by the idempotentfilter gp; 
(3) the torsion theory FS determined by the P-torsion free indecomposable 
injective Ip with associated prime ideal P. 
Proof. Since Gp g Ipn by Theorem 3.9, the torsion theories q and JFs 
coincide. In view of Corollary 2.14, we may write Ip = E(R/A), where A 
is a critical prime right ideal of R with associated prime ideal P not meeting 
g(P). Thus, gp is the filter of dense right ideals with respect to Fa by 
Lemma 3.8, Therefore, the torsion theories Ys and Fs coincide in view of 
Proposition 0.4 of [lo, p. 71. 
DEFINITION. Let P be a two-sided prime ideal of the right Noetherian 
ring R. By the torsion theory Fp at P, or the P-torsion theory, we mean the 
torsion theory Fr = Fe = Ys of Corollary 3.10. 
In view of Lemma 3.8, z%~ is the filter of dense right ideals relative to & . 
COROLLARY 3.11. Let R be a right Noetherian ring. Then the mapping 
I H ass I is a one-to-one correspondence between the indecomposable injective 
right R-modules I and the two-sided prime ideals of R if and only if every 
&decomposable injective right R-module I is P-torsion free, where P = ass I. 
Proof. This follows at once from Theorem 3.9. 
COROLLARY 3.12. Let R be a right Noetherian ring sattifying the following 
hypothesis: For each prime ideal P, every essential right ideal of R/P contains a 
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nonzero two-sided ideal. Then It+ ass I is a one-to-one correspondence between 
the indecomposable injective right R-modules I and the two-sided prime ideals 
of R. 
Proof. In view of Corollary 3.11, it suffices to show that every inde- 
composable injective I is P-torsion free, where P = ass I. By Corollary 2.14, 
I = E(R/A) for some critical prime right ideal A with associated prime ideal P. 
By Lemma 2.10, P = R ’ . A is the largest two-sided ideal contained in A. 
Suppose I is not P-torsion free, then A n Y(P) # O, by Lemma 3.7 and 
Corollary 3.10. Thus, A/P is an essential right ideal of the prime ring R/P. 
By hypothesis, A/P contains a nonzero ideal K/P. Thus, P is properly 
contained in KC A, contradicting the fact that P = R * . A. 
Remark. The hypothesis of Corollary 3.12 holds if R satisfies Gabriel’s 
condition (H), see [3, p. 4221, or if all R/P satisfy nontrivial polynomial 
identities, in view of Amitsur’s Theorem 3.9 in [l]. 
The necessary and sufficient condition of Corollary 3.11 may also be stated: 
For each irreducible right ideal A of R there exists s E R such that s-IA does 
not meet %?(R ’ . A). 
4. IRREDUCIBLE PRIME RIGHT IDEALS AND KRULL-DIMENSION 
As an application of the results of the previous section, we determine here 
all k-critical prime right ideals with associated prime ideal P of the right 
Noetherian ring R, where k < co is the right Krull dimension of the prime 
ring R/P. 
For the reader’s convenience, we repeat here Gabriel’s notion of the 
Krull dimension [16]. 
DEFINITION. The Krull dimension K-dim M of the right R-module M is 
defined recursively as follows. 
K-dim M = 0, if M is Artinian. 
K-dim M = n, if K-dim M # 0, l,..., n - 1 and if there are no 
infinite proper descending chains M, 3 MS 3 ... of submodules Mi of M such 
that K-dim(MJMi+J # 0, l,..., n - 1 for i = 1,2 ,... . 
K-dim M = OD if K-dim M # n for every integer n > 0. 
By the right Krull dimension of the ring A we mean the Krull dimension of the 
right R-module R, . 
The following is easily proved by induction on the Krull dimension, see 
Gabriel-Rentschler [ 161. 
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LEMMA 4.1. If A, B, C are right R-modules such that A s B/C, then 
K-dim B = max{K-dim A, K-dim C}. 
Moreover, K-dim R is the supremum of all K-dimF, where F ranges over all 
Jinitely generated right R-modules. 
DEFINITION (Goldie [7]). Let R be an integer > 0 and A a right ideal of 
the ring R. Then A is called k-critical provided K-dim(R/A) = k, but 
K-dim(R/B) < k for every right ideal B of R properly containing A. 
LEMMA 4.2. Every k-critical right ideal A of the ring R is critical. 
Proof. By Proposition 1.4 of [7], A is irreducible. Suppose A is not 
critical. Then by Proposition 2.7 there is an irreducible right ideal B of R 
which is related to A and properly contains A. Now r-IA = s-lB for some 
r 6 A and s 4 B, and we have monomorphisms 
R/r-IA -+ R/A, R/s-“B + R/B, 
by the proof of Lemma 2.3. Thus, R/A has a nonzero submodule isomorphic 
to a submodule of R/B, hence, of Krull dimension <k by Lemma 4.1. But 
this contradicts Proposition 1.4 of [7], according to which every nonzero 
submodule of R/A has Krull dimension k. 
The following example shows that the converse of Lemma 4.2 does not 
hold. 
EXAMPLE 4.3. Small has shown that the ring R of all 2 x 2 matrices 
(g E), where a is an integer and b and c are rationals, is right Noetherian and 
right hereditary, see [9, pp. 72 and 871. It is easily seen that the right singular 
ideal Z(R) = 0. Let u = (i i), then UR is uniform, because it is contained 
in the uniform right ideal (k A)R. Therefore, by Lemma 3.2, 
is a critical right ideal. Since the prime radical P(R) = {(i 0”) / q E Q} is not 
contained in u-lo, it is not a prime right ideal, by Proposition 2.11. One easily 
checks that the right Krull dimension of R is 1. Let T = u-10 + P(R), 
then Rf T s 2. Thus, T is one-critical, but u-l0 is not one-critical. 
LEMMA 4.4. Let R be a right Noetherian prime ring with Krull dimension 
n < 03. Then the proper right ideal A of R is n-critical if and only ay A is a 
maximal right complement of R. 
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Proof. Assume that A is n-critical, then it is critical by Lemma 4.2, hence, 
irreducible by Lemma 2.6. Suppose, for the moment, that A were essential. 
Then A would contain a regular element a of R. Clearly 
K-dim(R/aR) = K-dim(&R/&+lR), 
for i = 1, 2 ,... . Now, as in [17], 
RI aR3 a2R3 ... 
is an infinite properly descending chain of right ideals such that 
K-dim(R/A) < K-dim(aiR/ai+rR), 
for i = 1, 2,... . This would contradict the fact that R has Krull dimension n. 
We have thus shown that A is not essential. Consequently, A is contained 
in a maximal right complement C of R. By Lemma 3.1, C is minimal among 
irreducible right ideals of R. Since A is irreducible, it follows that C = A. 
Conversely, assume that A is a maximal right complement of R. The 
foregoing argument shows that, for every right ideal B properly containing A, 
K-dim(R/B) < n - 1. Therefore, it suffices to show that K-dim(R/A) = 1~. 
Put K-dim(R/A) = t, and suppose t < n. 
Since A is a maximal right complement of R, there is a nonzero uniform 
right ideal U such that A n U = 0. Put K-dim(R/A) = s, then s < t, since 
U s (U + A)/A C R/A. Since R is a prime ring, every uniform right ideal V 
of R is subisomorphic to U, hence K-dim V = s. Let B be the sum of all 
uniform right ideals of R subisomorphic to U. Then B is a two-sided ideal 
of R, by Goldie [4, p. 2071. S ince R is right Noetherian, we may assume that 
B = VI + V, + ... + V, , where the Vi are n uniform right ideals of R. It 
follows from Lemma 4.1 that K-dim B = s. 
Clearly AB C A n B _C B; hence, K-dim(AB) < s. Moreover A/AB is a 
finitely generated module over the ring RIB. Since R is a prime ring, B is an 
essential right ideal of R, and so contains a regular element of R. Thus, the 
Krull dimension of the ring R/B does not exceed n - 1, by the argument of 
the first part. Hence, K-dim(A/AB) < n - 1 by Lemma 4.1. Therefore, 
K-dim A = sup{K-dim(AB), K-dim(A/AB)} < n - 1 by Lemma 4.1. 
Again, by the same lemma we obtain 12 = K-dim R= sup{K-dim(R/A), 
K-dim A} ,( n - 1. This contradiction shows that K-dm(R/A) = n. Thus, 
A is n-critical. 
THEOREM 4.5. Let P be a two-sided prime ideal of the right Noetherian 
ring R such that K-dim(R/P) = k < CO. Then the following properties of the 
proper right ideal A of the ring R are equivalent. 
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(1) A is P-critical. 
(2) A is an irreducible prime right ideal of R with associated prime ideal P, 
and K-dim(R/A) = k. 
(3) A is a k-critical prime right ideal of R with associated prime ideal P. 
Proof. We will show that (1) => (3) * (2) 3 (1). 
Assume (I), then A satisfies the equivalent conditions of Theorem 3.5, in 
particular, A/P is a maximal right complement in R/P. It follows from 
Lemmas 4.4 and 3.4 that A/P is k-critical and prime; hence, (3) holds. 
Assume (3) then (2) holds trivially, in view of Lemma 4.2 and Proposi- 
tion 2.7. 
Assume (2) then P _C A, in view of Proposition 2.11. Therefore, 2 = A/P 
is an irreducible prime right ideal of R = R/P. Clearly, 
K-dim(R/A) = K-dim(R/A) = k = K-dim R. 
Since R is right Noetherian, A is contained in a k-critical right ideal c = C/P 
of the prime ring R with right IGull dimension k. Hence, c is a right comple- 
ment of R, by Lemma 4.6. Since 2 is irreducible and c is minimal among 
irreducible right ideals, we obtain c = 2, and so (1) holds. 
COROLLARY 4.6. Let P be a two-sided prime ideal of the right Noetherian 
ring R such that K-dim(R/P) = k < 03, and let I be an indecomposable 
injective right R-module with associated prime ideal P. Then I is P-torsion free 
;f and only if I = E(R/A), where A is a k-critical prime right ideal of R with 
associated prime ideal P. 
Proof. This is obvious, in view of Theorems 3.9 and 4.5. 
5. THE RING OF QUOTIENTS AT A PRIME IDEAL 
By Corollary 3.10, there is for every two-sided prime ideal P of the right 
Noetherian ring R a torsion theory Fp , which may be described in three 
different ways, in particular, by the filter gp of right ideals D of R such that 
r+D meets U(P) for all Y E R. The P-torsion submodule, 
T,(R) = {r E R 1 r-l0 E .9,,}, 
is a two-sided ideal of R which is called the P-component of R (or of zero), 
because that is what it reduces to in the commutative case. Throughout this 
section we shall write R = R/T,(R) and, in view of Lemma 5.1 (a), 
P = P/T,(R). 
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LEMMA 5.1. If  P is a two-sided prime ideal of the right Noetherian ring R, 
then the following statements hold. 
(a) T,(R) 5 P. 
(b) If P = P/T,(R), then V?(P) = (U(P) + T,(R))/T,(R). 
(c) If  ?Bp consists of all right ideals D of i? such that [r]-lD meets V(P)for 
all [r] E R, then ii E gp if and only if D = D/T,(R), where D E 9p . 
(d) T&?) = 0. 
(e) Every P-torsion free R-module is an B-module. 
(f) R satisjies the right Ore condition with respect to S’(P) if and only if i? 
satisfies the right Ore condition with respect to V(p). 
Proof. (a) Let t E T,(R), then tD = 0, for some D E .9p . Thus, tc = 0, 
for some c E D n U(P). Since [c] is a regular element of R/P, t E P. 
(b) This follows at once from (a). 
(c) Suppose B = D/T,(R) ~9~. Take any r E R, then [r]-iD meets 
V(P). By (b), there is an element c E U(P) such that rc E D. Hence r-lD meets 
%7(P), for all r E R, and so D E SSp . 
(d) Suppose [Y] E T,(R), then [r]D = 0, for some DE 9p . By (c), 
D = D/T,(R), where D E 9p . Hence, [r]D = [r]D = 0, and so [r] E T,(R), 
the P-torsion submodule of the right R-module 8. But R = R/T,(R) is 
P-torsion free; hence, r = 0. 
(e) Let F be any P-torsion free R-module, and take any f~ F and 
t E T,(R). Then (ft)-‘0 contains t-l0 and so belongs to sp; hence, mt = 0. 
(f) In view of (b), if R satisfies the right Ore condition with respect to 
g(P), then R satisfies it with respect to U(P). Conversely, let c E %7(P) and 
T E R, and assume that [r][c’] = [c][Y’] for some [c’] E U(P) and [r’] E R. 
In view of (b), we may assume that c’ E U(P); hence, rc’ - CT’ E T,(R). 
Therefore, rc’d = cr’d, for some d E %‘(P). S’ mce c’d E V(P), this establishes 
the right Ore condition for R with respect to U(P). 
DEFINITION. Let P be any two-sided prime ideal of the right Noetherian 
ring R. By the ring of right quotients R, of R at P we mean the ring of quotients 
of R with respect to the P-torsion theory & . 
For the concept “ring of quotients with respect to a torsion theory” the 
reader is referred to [lo]. In particular, this implies that, as a right R-module, 
Rp is the divisible hull of w = R/T,(R), that is to say, R,/a = T,(E,(i?)/R). 
Thus, 
R, = (q E l&(w) I q-‘R E L&,). 
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LEMMA 5.2. For every prime ideal P of the right Noetherian rieg R the 
following statements hold. 
(a) For every q E Rp there exists c E G?(P) such that qc E R. 
(b) Rp is a subring of the complete ring of quotients Qmax(8) of R, 
consisting of all q E Qmax(R) for which q-l8 E zS~ . 
Cc) IW’) z- J%(R). 
Proof. (a) Since q-lR E Sp , it meets g(P). 
(b) This follows from [lo, p. 43, Proposition 2.6 and its Corollary] 
but may also be easily checked directly. 
(c) Since R is P-torsion free, so is Es(R). By Lemma 5.1(e) this is, 
therefore, an R-module. Clearly, any nonzero R-submodule of RR(R) is a 
nonzero R-submodule, hence, has nonzero intersection with R. Thus, E,(a) 
is an essential extension of the right R-module RR , and so is contained in 
ER(R). Since the latter is obviously an essential extension of the right 
R-module RR , we have equality. 
THEOREM 5.3. If P is any two-sided prime ideal of the right Noetherian 
ring R, then the ring of right quotients RP of i? = R/T,(R) at P = P/T,(R) 
coincides with Rp . 
Proof. By Lemma 5.2(c), we have RR(R) = E,(a) = I, say. Let q E I, 
assume that q E RP , that is, qD C R for some D E gF . By Lemma 5.1(c), 
we have a = D/T,(R) with D E gp , hence qD = qD C R, and so q E -Rp .
Thus, R, C R, . 
Conversely, assume that q E I belongs to Rp , that is, qD C i? for some 
D E gp . Then also D’ = D + T,(R) E gp , and qD’ C i?, since qT,(R) = 0. 
By Lemma 5.1(b), the right ideal D’ = D’/T,(R) of R belongs to 9F. Thus, 
RPCR,. 
It follows from what we have shown that RF = Rp both as right R-modules 
and as right R-modules. By Lemma 5.2(b), both are subrings of the complete 
ring of quotients Qr,.,&R) of R. T o see that R, = Rp also as subrings of 
QmiLx(R), one may use the argument of [9, p. 99, Proposition 81. 
Remark. In view of Theorem 5.3, there is no loss in generality in assuming 
that R is P-torsion free when one studies Rp . 
LEMMA 5.4. Let P be a two-sided prime ideal of the right Noetherian ring R 
then PRp n i? = P. 
Proof. In view of Theorem 5.3, we may assume that R is P-torsion free, 
then clearly P C P’ = PR, n R. Suppose P # P’, then P/P is an essential 
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right ideal of the Noetherian prime ring R/P, and so P’ contains an element 
c E q(P), by Goldie’s Theorem 3.9 of [4]. As c E PR, , we see that 
c = Iv?, + *.* + p?zqn 9 where the pi E P and the qi E R, . By Lemma 5.2, 
q;‘R E z?%?~ , and so D = ny=r q;‘R E gp , and CD _C C&piqiD C P. Since 
c E F?(P), it follows that D C P. But, since D n V(P) = 0, this is a contra- 
diction. Therefore, P = P’. 
The following result is essentially due to Gabriel [3, p. 415, Proposition 51. 
Condition (2) in the present version was pointed out to us by Heinicke. 
PROPOSITION 5.5. Let P be a two-sided prime ideal of the right Noetherian 
ring R. Then the following assertions are equivalent. 
(1) The elements of V?(P) are units in R, . 
(2) The elements of V?(P) are right units in R, . 
(3) R satisjes the r@ht Ore condition with respect to G%(P). 
Proof. In view of Lemma 5.1 and Theorem 5.3, we may assume that 
T,(R) = 0. Clearly (1) implies (2). 
Suppose c E V(P) has a right inverse c-l E R, . Take any r E R, then 
c-Q E Re . By Lemma 5.2, there exist elements c’ E U(P) and r’ E R such that 
c-W = r’, that is, rc’ = CT‘. Thus, (2) implies (3). 
It remains to show that (3) implies (1). Suppose R satisfies the right Ore 
condition with respect to V(P). As we shall see, this implies that all elements 
of e(P) are regular in R. 
S uppose YC = 0, where r E R and c E V(P). Take any s E R. By the right 
Ore condition, there exist s’ E R and c’ E U(P) such that cs’ = SC’. Thus, 
s+R meets ‘Z(P) for all s E A; hence, CR E a?p . Therefore, r E T,(R) = 0, 
and so every element of V(P) if left regular. 
To see that every element of %7(P) is right regular, it suffices to consider 
an element c E F(P) whose right annihilator is maximal among right anni- 
hilators of elements of %‘(P). Suppose cr = 0. By the right Ore condition, 
there exist r’ E R and c’ E U(P) so that cr’ = rc‘. Therefore, car’ = crc’ = 0. 
But c2 has the same right annihilator as c; hence, rc’ = cr’ = 0. We already 
know that c’ is left regular; hence, r = 0, as was to be shown. 
Now let c E V(P). It follows from the Ore condition that r-lcR meets 
g(P) for any r E R, hence CR E Sp. Since c is regular, there is a mapping 
cr + r of CR into R. Since R, is the ring of quotients of R with respect to the 
P-torsion theory, there exists a unique q E R, such that qcr = r for all r E R. 
In particular, qc = I. Then (cq - I)c = 0, and it follows that also cq = I 
if we check that c is left regular in R, . 
Indeed, suppose q‘c = 0, where 0 # q’ E Rp . Since R, is an essential 
extension of R, there exists d E A such that 0 # q’d E R. Now, by the Ore 
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condition, there exist c’ E U(P) and d’ E R such that cd’ = dc’; hence, 
0 = q’cd’ = q’dc’. This contradicts the left regularity of c’ in R, and our 
proof is complete, 
In [5], Goldie calls a ringL with unity element “local” provided: 
(1) Its Jacobson radical J is the unique maximal two-sided ideal of L. 
(2) Ll J is a simple Artinian ring. 
(3) fL, /” = 0. 
In his papers [5; 61 he shows the following: If the intersection of the symbolic 
powers H,, of the prime ideal P of the right and left Noetherian ring is zero, 
then R can be embedded into a “local” ring L with maximal ideal M = LPL 
such that: 
(a) Every element c E V(P) is a unit in L. 
(b) P=MnRandH,=MnnRforn=l,2,.... 
(c) L/M G QC,(R/P), the classical ring of right quotients of the prime 
Noetherian ring RIP. 
In general nl, H, is not zero, and then L is not a ring of quotients of R. 
But even then the ring of quotients Rp at the prime ideal P may be “local” in 
Goldie’s sense, as we shall see later. 
Let P be a prime ideal in the right Noetherian ring R. A right R-mod M is 
called P-divisib2e if I(M)/M is P-torsionfree. It is known (see e.g. [lo]) that 
every P-torsionfree and P-divisible module is an Rp-module. The converse is 
not true in general; it holds if and only if, for any D E gp , DR, = Rp , 
according to Walker and Walker, see also [lo, p. 45, Proposition 2.71. This 
has many interesting consequences, for example, that the canonical homo- 
morphism R --f Rp is an epimorphism in the category of rings and that Rp 
is flat as a left R-module. In view of [17, Proposition 1.61, this implies that 
Rp is right Noetherian. 
The proof of the implication (4) + (1) in the following result is partly 
due to Heinicke. 
THEOREM 5.6. Let P be any two-sided prime ideal of the right Noetherian 
ring R and put M = PR,, . Then the following conditions are equivalent. 
(1) M is the Jacobson radical of Rp and R,IM is a simple Artinian ring. 
(2) M is the Jacobson radical of Rp and Rp/M z Q&RIP). 
(3) RPM is the Jacobson radical of Rp and every R,-module is P-torsion 
free as an R-module. 
(4) R satisfies the right Ore condition with respect o g(P). 
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Proof. In view of Lemma 5.1 and Theorem 5.3, we shall assume that R is 
P-torsion free. We shall prove that (3) 3 (4) => (2) => (1) 3 (2) * (3). 
Assume (3). Then R, is right Noetherian, as has already been pointed out. 
Take any c E F(P), then CR + P E .9p . Hence, by the Walkers’ condition, 
R, = (CR + P)R, = CR, + M = CR, + R,M. Since R,M is the Jacobson 
radical, R, = CR, , and so c has a right inverse in R, . In view of Proposi- 
tion 5.5, R satisfies the right Ore condition with respect to F?(P), that is, (4) 
holds. 
Assume (4). Take any c E F(P), then c is a unit in A, , by Proposition 5.5. 
Take any p E P, then c-p E Rp; hence, c-‘p = rd-l for some r E R and 
d E ‘Z(P). Thus, RpP C PR, , and so M is an ideal. 
Now consider the mapping 9: R,IM -+ Q,,(R/P) defined by ~[rc-l] = 
[Y][c]-l. This is easily seen to be a ring homomorphism. By Lemma 5.4, v is 
one-to-one. Since every element of QcL(R/P) has the form [r][c]-l, v is a 
surjection. Thus, M is a maximal two-sided ideal of R. 
Clearly M contains the Jacobson radical of R, . Suppose I’ is any maximal 
right ideal of R, such that M $ I’. Then Rp = V + M; hence, 1 = z, + pc-l 
for some v E V, p E P, and c E g(P). Thus, vc E V is a unit in Rp , and so 
V = R, , a contradiction. Therefore, M is the Jacobson radical of Rp , and 
so (2) holds. 
Assume (2), then (1) holds trivially, in view of Goldie’s theorem on prime 
rings. 
Assume (1). By Lemma 5.4, M n R = P; hence, R,/M is an extension of 
R/P. Now, for any q E Rp , we can find c E e(P) such that [q][c] E RIP. We 
know that [c] is a regular element of R/P, but we do not yet know that it is a 
regular element in R,/M. 
Consider the set 
In order not to interrupt our argument, we shall postpone the proof that N is 
an ideal of R,, , see Lemma 5.6(a). Clearly N contains M. Since R,,/M is 
simple by (l), N = Rp or N = 111. 
Suppose N = R, , then there exists an element c E 9?(P) n M, and this 
will have the form c = Cy=r piqi , where pi E P and qi E R, . But then, by 
Lemma 5.2 there is an element d E @T(P) such that all qid E R; hence, cd E P, 
a contradiction. Thus, N = M. 
Therefore, qc E M * q E M, that is [q] # 0 * [q][c] # 0. It follows that 
R,IM is an essential extension of RIP. 
By Goldie’s theorem, Q,,(R/P) is a simple Artinian ring, and it is injective 
as an R/P-moduIe; hence, it contains R,/M. It easily follows that 
Qct(R/P) = R,IM, and so (2) holds. 
Assume (2), and take any D E 9p . Then D meets U(P), say c is a common 
386 LAMBEK AND MICHLER 
element. The equivalence class [c] is a regular element of R/P; hence, a unit 
in QCl(R/P) = RpIM. Therefore, lip = CRY + M; hence, cRp = M, since 
M is the Jacobson radical. Thus, DRp == Rp , and so (3) holds, in view of 
the Walkers’ condition. 
Our proof is now complete, except for the following lemma. 
LEMMA 5.6(a). Let P be any two-sided prime ideal of the right Noetherian 
ring R and put M = R$Rp . Then N = {q E R, j 3Csg(p)qc EM) is a two- 
sided ideal. 
Proof. First, to show that N is closed under addition, suppose qc E M and 
q’c’ E M, where c and c’ E g(P). By Goldie’s theorem on prime rings, RIP 
satisfies the right Ore condition with respect to @?(P)/P. Hence, there are 
elements d E V(P), d’ E R, andp E P such that cd’ = c’d + p. Since c’d E W(P), 
it follows that also d’ E U(P). Now 
(q + q’)(cd’) = qcd’ + q’c’d + q‘p E M. 
Clearly, N is a left ideal. To show that it is also a right ideal, take q E N and 
q’ E Rp . Then qc E M and q’c’ E R, for some c and c’ E g(P), the latter in view 
of Lemma 5.2. Now (q’c’)-l(cR + P) meets U(P); hence, there exists d E g(P) 
such that q’c’d E CR + P; hence, 
(qq’)(c’d) E qcR + qP C M. 
The proof of the lemma is complete. 
COROLLARY 5.7. Let P be a maximal two-sided ideal of the right Noetherian 
ring R such that RIP is Artinian. Then R satis$es the right Ore condition with 
respect to U(P) if and only ifpRp is the Jacobson radical of Rp . 
Proof. By Theorem 5.6, the Ore condition implies that pRp is the 
Jacobson radical. To prove the converse, we shall assume again that R is 
P-torsion free. Suppose that M = PR, is the Jacobson radical. In view 
of Theorem 5.6, we need only show that Ii,lM z RIP. 
Since M n R = P by Lemma 5.4, the ring Rp/M is an extension of RIP. 
Suppose q E Rp , c E U(P), and qc E M. Then R = CR + P, because [c] is a 
unit in R/P; hence, q E qcR + qP C M. Thus, [q][c] = 0 m+ [q] = 0; hence, 
R,IM is an essential extension of RIP. Since RIP is simple Artinian, 
R,IM = RIP. 
We remark that the hypothesis of Corollary 5.7 is satisfied by every right 
Noetherian ring R whose nonzero factor rings satisfy nontrivial polynomial 
identities, see Amitsur [I, Theorem 3.71. 
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DEFINITION. Let P be a two-sided ideal of the right Noetherian ring R. 
The P-closure of the right ideal A of R is 
cl,(A) = {r E R / r-IA E 9~); 
and A is P-closed if cl,(A) = ‘4. If A is a two-sided ideal of R then so is 
44. 
Let C, = C,(R) be the P-closure of the two-sided ideal generated by the 
set 
{r E R j 3eee(p)r~ = 0 or CY = O}. 
Since U(P) consists of the coset representatives of the regular elements of 
R/P, and since P is a P-closed ideal, it follows that C, c P. If (g(P) + CJC, 
does not consist of regular elements of R, = R/C,, let C,/C, = C,(R,). 
By induction we, thus, obtain a strictly ascending chain of two-sided ideals 
and, since R is right Noetherian, this chain will have a largest term 
C, = C,(R), called the upper P-component of R. Clearly C,(R) is P-closed, 
and MP> + CpW)IC~(R) consists of regular elements of R/C,(R). 
PROPOSITION 5.8. Let P be a two-sided prime ideal of the right Noetherian 
ring R, then the following statements hold. 
(a) The upper P-component C,(R) of R is the intersection of all P-closed 
ideals A of R such that (g(P) + A)/A consists of regular elements of R/A. 
(b) T,(R) C C,(R) C P. 
(c) If R satis$es the right Ore condition with respect to U(P), then 
T,(R) = C,(R). 
Proof. (a) Let .A’ be the set of all P-closed two-sided ideals A of R 
such that (g(P) + A)/A consists of regular elements of R/A Then 
B = nA,A A is also P-closed; moreover, if rc or cr E B for some c E g(P), 
then r E A for all A E A’. Thus, (U(P) + B)/B consists of regular elements of 
RIB. Therefore, Cr C B, and one easily shows by induction that C,(R) = 
C, C B. Since C,(R) E A’, by construction, it follows that C,(R) = B. 
(b) Clearly T,(R) C Cl C C,(R). Since P E &‘, we have C,(R) C P 
by (4. 
(c) If I2 satisfies the right Ore condition with respect to U(P), then, by 
Proposition 5.5, the elements of W(P) are regular mod T,,(R). 
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The following example shows: 
(1) Although n,“=, H, = P, where H, is the nth symbolic power of the 
prime ideal P of the right and left Noetherian (even hereditary prime) ring R, 
the ring of quotients Rp of R at the prime ideal P may be “local” in the sense 
of Goldie [5]. 
(2) Although R is P-torsion free, U(P) does not necessarily consist 
of regular elements. In fact, the upper P-component C,(R) = P and 
Tp(R) = 0. Therefore, R does not satisfy the right Ore condition with 
respect to V(P) by Proposition 5.8(c). This may be of some interest, because R 
also satisfies a polynomial identity, whereas McConnell’s example [12] of 
such a ring does not satisfy a polynomial identity. 
(3) The hypothesis that RppRp be the Jacobson radical of Rp in 
condition (3) of Theorem 5.6 cannot be removed, because R satisfies the 
second half of condition (3) of that theorem but not the right Ore condition 
with respect to U(P). 
EXAMPLE 5.9. Let D be a commutative discrete rank one valuation ring, 
that is, a local Noetherian domain whose Jacobson radical M is principal. 
Let K = D/M, and let F be the quotient field of D. Then we claim that the 
ring R = (g g) and its maximal two-sided prime ideal P = (2 g) have 
the properties (l)-(3). 
Easy matrix calculations show that P = P2. Therefore, of, H, = P. 
Furthermore, G?(P) consists of all matrices (f, z), where d, d’, d” E D, m E M, 
and d is a unit in D. Let A be an element of the filter gp of all P-dense right 
ideals. Then r-IA n V(P) # ,D for all r E R. In particular, take r = (i i), 
then (i z)($ s) = (,” z) E A. As d is a unit in D, it follows that A 1 T = 
G 3. If c = (i 3, then c E r-IT n V(P) for every T E R. Therefore, 
ZBp = {T, R}, because T is a maximal right ideal of R. 
Thus, an easy matrix computation shows that T,(R) = 0 and that 
C,(R) = P. This proves (2), because R is a hereditary Noetherian prime 
ring satisfying a polynomial identity, as is well known. We now claim that 
Rp = S = (g ,“). Since T = (,” E)E~~ and ST = T_CR, clearly SCRp 
by Lemma 5.2, because the classical ring of quotients Q&R) = (c g). As 
(t i) and (F t) belong to T, an easy matrix computation shows that S C Rp . 
Thus, Rp = S, and Rp is a “local” (in the sense of [5]), hereditary Noetherian 
prime ring. Hence, (1) holds. 
Obviously RR, = Rp and TRp = Rp . Since sp = {T, R}, it follows that 
=Qp satisfies the Walkers’ condition. Therefore, every R,-module is P-torsion 
free and P-divisible by Theorem 4.3 of [8]. Thus, R satisfies condition (3) 
of Theorem 5.6, but not the right Ore condition. Clearly PR, = P, and 
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M = R,PR, = R, , which shows that M is not the Jacobson radical of Rp . 
This completes the proof of our claim. 
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